
M O D E L  O F  T H E  M O T I O N  AND S H O C K  W A V E S  IN T W O - P H A S E  

S O L I D S  W I T H  P H A S E  T R A N S I T I O N S  

R. I. Nigmatulin 

The one-veloci ty  and one- tempera tu re  model of the motion of a two-phase solid, in which 
each phase occupies a cer ta in  par t  of the volume, is considered.  The investigation is c a r -  
r ied out in Lagrangian var iables ,  which offers  cer ta in  advantages in solving one-d imens ion-  
al nonstat ionary problems.  The s t r e s s  tensor  for the mixture is decomposed into two par ts  - 
hydrostat ic  p r e s s u r e ,  common to the two phases ,  associated with the t h r e e - t e r m  equation of 
state, and the deviator,  which var ies  elast ical ly up to a certain value and then remains  con-  
stant. A cer ta in  relation, determined by the charac te r i s t i c  react ion t ime, is proposed for the 
phase t ransi t ion kinetics. Then a solution is obtained for the problem of the nonstat ionary 
one-dimensional  motion of a metal (iron) resul t ing f rom the impact of a plate against a t a r -  
get. The phase t ransi t ions (Fe~ ~- Fe e) behind the wave and their  cha rac te r i s t i c  time have 
an important  effect on the damping of the disturbance and on the zone in which these t r ans -  
itions go to completion. A method is proposed for determining the coefficient in the relat ion 
for the phase transi t ion rate  f rom the residual  effect (hardening) after  impact. 

1. We will examine in Lagrangian coordinates rk the motion of a two-phase continuum in which each 
phase is charac te r i zed  by its own true density pi ~ and volume content oz i (i -- 1, 2), 

al ~- cz2 = l ,  (1.1)  

Let the velocit ies and hence the displacements  of both phases coincide. We isolate a mater ia l  vol -  
ume V bounded by the mater ia l  surface E. Considering its state at t imes T = 0 and T = t in the absence of 
external body forces ,  we can write the integral mass-conserva t ion  equations for the f i rs t  and second 
phases  

t 

I p lo(r)dV= f [pl(r, t ) I  (r, t)4:,, f/l~(r,  T)I(r, ~')dT]dV 
V V 0 

t 

S p~o(r)dV= S [p2(r, t ) I ( r ,  t ) - -  l I i~(r ,  , ) I ( r ,  , )d~ ]dV ,  
-r V 0 

(1.2) 

The subscr ip ts  1 and 2 relate  to the f i rs t  and second phases,  respect ively;  the subscript  0 re la tes  to 
the initial state at T = 0; J12 is the phase t ransi t ion rate or  the mass t r ans fe r red  f rom the f i rs t  phase to 
the second (or conversely ,  with opposite sign) per  unit volume of mixture per  unit time; I(r,t) is the degree 
of expansion of the medium or the Jacobian of the t ransformat ion  f rom Eulerian to Lagrangian coordinates;  
Pi is the mean density of the i-th phase; 

Pl ~Pi*Oq, p2 p2 2 (1.3) 
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Adding Eqs.  (1.2), we obtain  the m a s s - c o n s e r v a t i o n  equat ion for  the mix tu re :  

f Pa(r) dV --- I p(r' t ) [  (r, t )dV  (P = Pl-]- P2)'  
I t Ir 

(p- density of mixture) 

Within the f r a m e w o r k  of the one -ve l oc i t y  and o n e - t e m p e r a t u r e  model  it is suff ic ient  to cons ide r  
only the equat ions  of mot ion  and e n e r g y  of the mix tu re  as a whole:  

t 

i po(r)[v(r ,  t ) - - v o ( r ) ] d V = I I  ~n~ 
V 0 ~. 

t 

v~ -- vd" ~ d'r I [ ( I ' e '  "-}- p2e.)[ --(p.oelo -1- p2oe,o) -}- Po ~ !  dV = S l ~'~ " 
V" o I  

(1.4) 

(1.5) 

Here  v is the ve loc i ty  of the med ium,  e i the spec i f ic  in ternal  e n e r g y  of the i - th  phase ,  and (~o the L a -  
g r ange  s t r e s s  t e n s o r  [1] in the m e d i u m  in quest ion.  

Using the Gauss  t h e o r e m  and d i f fe ren t ia t ing  (1.2) and (1.5) with r e spec t  to t, a f te r  c e r t a i n  t r a n s f o r -  
mat ions  we obtain  the fol lowing s y s t e m  of d i f fe ren t ia l  equat ions:  

Po Op, OI Po or __ Po Op~ Ol Po 
p 0t "~LPl 0 - - T ' + - ~  1 z - - 0 '  +~)2 0 t o r 1 2 = 0  p Ot p 

Ov ~ [  Oel Oez • _ el) j121 ~__ (6o.V) v Po "g/-- = V .  ~ ,  p . -SF-  -k P2 -OF- ~' (e~ 

(1.6)  

2. We mus t  now c o n s i d e r  the t h e r m o d y n a m i c  and mechan i ca l  p r o p e r t i e s  of the medium.  The Eu le r  
s t r e s s  t e n s o r  akl can  be r e p r e s e n t e d  in the f o r m  of a s u m  of i so t rop ic  and dev ia to r i c  componen t s ,  

~ t  = __ p6~, + .c~t . ( 2 .1 )  

We take the value of p f r o m  the equat ions  of  s ta te ,  a s s u m i n g  that  both phase s  a re  at the s a m e  p r e s -  
su re :  

P =P l (Px~  T) = p ~ ( p z  ~ T ) ,  (2.2) 

The s t r e s s  dev i a to r  fo r  the m i x t u r e  is 

w~l = ~,~1 ~l + ~%~2 ~z. (2.3) 

We a s s u m e  that the s t r e s s  dev ia to r  of the i - th  phase  ~-i k / v a r i e s  e l a s t i ca l ly  up to the yield  point  ~*i, 
a f te r  which it should r e m a i n  constant .  We can then wr i t e  the fol lowing equat ion for  the dev ia to r  c o m p o -  
nents  in the p r inc ipa l  axes:  

a ~  _ '2,,. (8 ~z ~_ ! ap ~ ~ z  ot -- r , \  i -- 3p ot ] (w~l'%~i*) (2.4) 

w h e r e  ei k/ is the s t r a in  r a t e  t e n so r .  We note that in the p r e s e n c e  of impact  loading p r e s s u r e s  of the o r d e r  
of hundreds  of k i lobars  the dev ia to r ,  despi te  its s m a l l n e s s  as c o m p a r e d  with the hydros ta t i c  p r e s s u r e ,  
m a y  have an influence on the damping  of the d i s tu rbance .  

We will  not cons ide r  ques t ions  r e l a t i ng  to the use  of the Lagrange  s t r e s s  t e n s o r ,  s ince  in what fo l -  
lows the equat ions  obtained a re  used to solve o n e - d i m e n s i o n a l  nons t a t i ona ry  p r o b l e m s ,  in which these  
ques t ions  do not p r e s e n t  di f f icul t ies .  

The spec i f i c  in ternal  e n e r g y  and p r e s s u r e  of  a solid o r  liquid a re  usua l ly  r e p r e s e n t e d  in the f o r m  of 
a sum of t h r ee  componen t s  [2-4] ,  which r e s p e c t i v e l y  d e s c r i b e  the cold e las t ic  p r o p e r t i e s ,  the ha rmon ic  
v ib ra t ions  of  the la t t ice  a toms ,  and the t h e r m a l  exc i ta t ion  of the e l ec t rons  t oge the r  with anha rmon ic  a t o m -  
ic v ib ra t ion  ef fec ts  

e (po, T) = ep @ eT + eel, p (pO, T) = pp "l- PT ~- Pea 
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Fig. 1 

\ 

~" v~ov 

ev ~ cT, 

pa 

e~-- I pp(r ^~ pO2 dp 
Poo ~ 

PT --~ T(P ~ p~ 

p.  ( p O ) . 0 2  d%~ 

e~  = B :(O o) r~, pe~ = r (p~ p % o .  
(2.5)  

Here ,  "y(p~ is the GriJneisen constant  (for ha rmon ic  a tomic  v i b r a -  
t ions) ,  c = cons t  is the a tomic  heat ,  F(p ~ is an analogue of the Grune i sen  
cons tan t  a s soc i a t ed  with anha rmon ic  effects  and e l ec t ron  exci tat ion.  The 
function pp(p~ on which B(p~ F(p ~ and T(p ~ depend,  is de t e rmined  e x -  
p e r i m e n t a l l y .  A v e r y  convenient  method of  de t e rmin ing  the equat ion of 
s ta te  of  me ta l s  and ionic c r y s t a l s ,  the s o - c a l l e d  method of po ten t ia l s ,  was 
p r o p o s e d  in [4]. The potent ia l  componen t s  for  the in ternal  e n e r g y  and 
p r e s s u r e  have the f o r m  

ep(p ~ = 3Ab-1 exp b({ - -  z'/,) - -  ~Kx"/* (z =p0~ ~ 

pp (p~ = A x ' / , e x p  b ( t :-- ~'/~) - -  Kx-V~ . 
(2.6) 

Here ,  A, K, b, p0 ~ a re  quant i t ies  fixed for  each meta l  o r  each phase .  For  the Gri~neisen constant  it is 
poss ib l e  to take the l inea r  app rox ima t ion  

7 (p~ -- cz - -  13p~ ~ (2.7) 

which is val id for  many  meta l s  and the i r  p h a s e s  o v e r  a quite b road  dens i ty  range .  

The approx ima t ion  of cons tant  spec i f ic  heat for  e T s ign i f ican t ly  r e d u c e s  the volume of computa t ions  
and at the s a m e  t ime is a c c u r a t e  enough at T > 0, where  0 is the Debye t e m p e r a t u r e ,  and is p e r f e c t l y  j u s -  
t i f iable in connec t ion  with impact  loading p r o b l e m s .  

The p a r t  of the in ternal  e n e r g y  a s soc i a t ed  with the squa re  of the t e m p e r a t u r e  b e c o m e s  impor tan t  
when the p r e s s u r e  in the shock  wave exceeds  1 m b a r  {T > 10,000~ The re  a re  va ry ing  opinions [2-4] r e -  
ga rd ing  the computa t ion  of e e a  and Pea.  

The poss ib i l i t y  of  phase  t r a n s i t i ons  leads  to the n e c e s s i t y  of coord ina t ing  the equat ions  of  s ta te  of  
the p h a s e s  for  the in te rna l  e n e r g i e s ,  in o r d e r  to take the e n e r g y  t r an s i t i ons  c o r r e c t l y  into account .  We in- 
t r oduce  the o p e r a t o r  

El (pc ,  T) = evl (p~~ + c~T + B~ (p})r ~. (2.8) 

Then the n o r m a l i z e d  equat ions  for  the in ternal  e n e r g i e s  of the p h a s e s  can  be wr i t t en  in the f o r m  

e~ (p~~ T) = Ex (p~~ T) + eo~, e2 (p~~ T) = E2 (pa ~ T) + eoa 
(%1 = const, %2 : E1 (pl~o ~ To) + le (To) - -  Ea (paso ~ , To) + eol = const) (2,9) 

where  the phase  dens i t ies  on the s a tu ra t i on  line pis ~ and P2s ~ a r e  d e t e r m i n e d  f r o m  the equat ions  

Pl (pl~o ~ To) = P~ (To), P2 (p2~o ~ To) = P~ (To) (2.10) 

Where ps(T) is the p h a s e  t r ans i t i on  p r e s s u r e  o r  the phase  equ i l i b r ium line, and the Pi take  the f o r m  

p~ (p~, T )  = Ppi (pi~ 72 (pi~176 T ']- Bi (p~~ (p~~176 2, (2.11) 

If the equat ions  of  s ta te  of the p h a s e s  {2.11) and the sa tu ra t ion  line ps(T) a re  known, s t a r t ing  f r o m  
the C l a p e y r o n - C l a u s i u s  equat ion we can d e t e r m i n e  

I , ( T ) =  ( i ~ ) ( T  d p s ' ~  
�9 m o  - ~ -  - -  Ps)" (2.12) 

Genera l ly  speaking,  the function Ps(T) and the equat ions  of  s ta te  of  the p h a s e s  (2.9) and (2.11) are  not 
independent  and they must  be adjusted so that the C l a p e y r o n - C l a u s i u s  condi t ion is sa t i s f ied  on the en t i r e  

sa tu ra t ion  cu rve .  
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The p h a s e  t r a n s i t i o n  k i n e t i c s  in s o l i d s  at high p r e s s u r e s  have not been  i n v e s t i g a t e d  in su f f i c i en t  d e -  
t a i l  f r o m  the quan t i t a t i ve  s t andpo in t :  T h e r e f o r e ,  as  a f i r s t  a p p r o x i m a t i o n ,  it  is  d e s i r a b l e  to s t a r t  f r o m  the 
g e n e r a l  p r o p o s i t i o n s  of the  t h e r m o d y n a m i c s  of i r r e v e r s i b l e  p r o c e s s e s .  F i r s t ,  we d iv ide  J12 into two c o m -  

ponen t s  

YI~ = ]I~ "- ]21 (2.13) 

e a c h  of which  can  on ly  be  nonnega t ive  (J12 >- 0, J21 >-- 0), whi le  at any po in t  one of t h e m  is n e c e s s a r i l y  equa l  
to z e r o .  If t h e r e  a r e  no p h a s e  t r a n s i t i o n s ,  then  J12 = J~l = 0. Then J12 g i v e s  the r a t e  of  t r a n s i t i o n  f r o m  the  
f i r s t  p h a s e  to the  s econd ,  and J21 that  f r o m  the s econd  to the  f i r s t .  We a s s u m e  that  the  p h a s e  t r a n s i t i o n  
(for e x a m p l e ,  1 ~ 2, if pl a 0) p r o c e e d s  the  m o r e  r a p i d l y ,  the  m o r e  the t h e r m o d y n a m i c  p o t e n t i a l  of the  
s u b s t a n c e  in the  f i r s t  p h a s e  e x c e e d s  that  of the s u b s t a n c e  in the  s econd  p h a s e  at the  s a m e  p r e s s u r e  and 
t e m p e r a t u r e  (and s i m i l a r l y  fo r  the  t r a n s i t i o n  2 ~ 1, if P2 > 0), i . e . ,  

]12 = F12 [% (P, T) - -  q~z (p, T)] (pl > 0, q?l > q)2), 
]12 = 0 (p l=0  orcpl~cp~) 

i21 = F211% (P, T) - -  % (p, T)I ( P 2 > 0 , % ~ % ) ,  
(2.14) 

We note  tha t  

% (Ps (T), T) = (P2 (Ps (T), T) ~ (2.15) 

Let  us e x a m i n e  the pV d i a g r a m  (F ig .  1), w h e r e  we have p l o t t e d  the  i s o t h e r m s  c o r r e s p o n d i n g  to the  
f i r s t  p h a s e  OKIA 1 and the  second  p h a s e  B2K2A 2 for  the  s a m e  t e m p e r a t u r e .  

Along the i s o t h e r m  we have dqo = Vdp (~0 = e + pV - Ts ,  w h e r e  s is  the  e n t r o p y  and V the  s p e c i f i c  
vo lume) .  Hence  it is  c l e a r  that  the  d i f f e r e n c e s  of the t h e r m o d y n a m i c  p o t e n t i a l s  at p o i n t s  A 1 and A 2 and at 
points B i and B 2 are equal to the areas KIK2A2A 1 and KIK2B2BI, respectively, or 

(p (A1) - -  e? (A2) ~ (p - -  p~)AV,  ~ (B2) - -  ep (BO ~ (ps - -  p ) A V .  

Then  equa t i ons  (2.13) t ake  the  f o r m  

ii2 = F~A v (p - -  p~) (m > O, p > p.) 

] 1 ~ = 0  ( 0 1 = o  o~ p < p ~ )  

]2~ = Fz~AV (p~ ~ p)  (92 > O, p~ > p) 

121- -0  ( p 2 = 0  or p ~ p ) ,  

(2.16) 

S t a r t i n g  f r o m  the  c h a r a c t e r i s t i c  L rans i t i on  t i m e ,  we can  e s t i m a t e  the c o e f f i c i e n t s  "F12 and F2i. We 
note  tha t  a s i m i l a r  i n v e s t i g a t i o n  was  conduc ted  in [5] fo r  the  p h a s e  t r a n s i t i o n  k i n e t i c s  r e l a t i n g  to v a p o r -  
l iqu id  m i x t u r e s .  

3. We w r i t e  the  s y s t e m  of d i f f e r e n t i a l  equa t ions  (1.6) for  o n e - d i m e n s i o n a l  p l a n e  m o t i o n  (v 1 = v ( r ) ,  
v 2 = v 3 = 0), going  o v e r  to the  v a r i a b l e s  pl ~ p2 ~ e~, v, T,  p ,  T 11, r ,  w h e r e  r is  the L a g r a n g i a n  c o o r d i n a t e  in 
the  d i r e c t i o n  of mot ion .  In th i s  c o n n e c t i o n  we make  use  of the fact  that  

a i  / at = av / ar (3.1) 

and the  fact  that  the c o m p o n e n t s  of the  L a g r a n g i a n  ~~ and E u l e r i a n  e s t r e s s  t e n s o r s  a r e  r e l a t e d  by  the f o l -  
lowing e x p r e s s i o n s :  

0.oll : (~11 poo22 : p0.oa8 = 000-22 =.p00-a3 �9 (3.2)  

Then s y s t e m  (1.6) t a k e s  the  f o r m  

a Opz ~ pl ~ Oct bl ~--- pl Ov J1~ 

-p- a--~- @ p at po ar  p 

i - - a  am ~ p~~ 0u _ b 2  p~ av Jz~ 
p at p a t  p0 Or ~- p 
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6Pl ~ ~ t  ~ aT z u Ov 
a3t ~ .@ a32 ~ a33 -g-i- = b3 = p ~  Or 

~ t  ~ . . o OT Ov 
a~i -}- a a 2 ~  ~ a4a ~ = O, at - -  

�9 (e~ --- el) Jl~ P 
J 0611 

4* 
P0 Or 

(3.3) 

He r e ,  

a31 (#i  ~ p2 ~ =, r )  = P~ ( 0e l  ~ a o p, : a s .  
~- \ .~p~O]T,  32(Pl, P2 ~ ct, T ) =  --#-kOp O] T 

a ~ p, : 0E,~ + + ( " E 2 ~  
aS(el,  pc,  a, T ) =  P \ OT /,,o \ aT ]0,o a41(pl ~ T ) =  [Opl~ 

' \,OP1 ~ ] T 

a,2 (p2 ~ T ) =  ( Op~ -- \OP~ ~ ] T' a44 (pl ~ p2 ~ T) ( apl ~ (Op,~ = \T2-b,o - -  \ aT ]~o " 

(3.4) 

The  fou r th  of  Eqs.  (3.3) was  ob ta ined  a f t e r  d i f f e r e n t i a t i n g  Eq. (2.2) wi th  r e s p e c t  to t (equal  p h a s e  
p r e s s u r e s ) .  Adding  the f i r s t  two of Eqs .  (3.3), we ob ta in  the  m i x t u r e  con t inu i ty  equa t ion  

i Op P Ov 
p at" : Po Or " (3.5) 

F o r  the  c a s e  in ques t ion ,  Eq.  (2.4) for  the  d e v i a t o r  componen t  Ti tl ,  wi th  account  for  (3.5), t a k e s  the  
f o r m  

ovin 4 p ov (~ ~ i~<~ , )  
at = - ~ - ~ t  po Or (3.6) 

F o r  g iven  p h a s e  equa t ions  of s t a t e  (2.9), (2.11), p h a s e  e q u i l i b r i u m  l ine  Ps (T) ,  and c o e f f i c i e n t s  Fi2 and 
F2i in Eqs .  (2.16) s y s t e m  (3.3), t o g e t h e r  wi th  (3.4), (2.1), (3.6), is  c l o s e d  in the  r e g i o n  of con t inuous  mot ion  
of a t w o - p h a s e  c o m p r e s s i b l e  so l id .  We note  that  in the  c a s e  of  a b s e n c e  of one of  the  p h a s e s  (c~ -- 0 o r  c~ = 
1) s y s t e m  (3.3) a u t o m a t i c a l l y  goes  o v e r  into the  s y s t e m  of equa t ions  of m o t i o n  of  the  c o r r e s p o n d i n g  o n e -  
p h a s e  m e d i u m .  

We have e x a m i n e d ,  wi th in  the  f r a m e w o r k  of the  m o d e l  d e s c r i b e d ,  the  p r o b l e m  of the  p l a n e  impac t  of 
a p l a t e  of t h i c k n e s s  l I ( p r o j e c t i l e ) ,  wi th  in f in i t e  d i m e n s i o n s  in a d i r e c t i o n  p e r p e n d i c u l a r  to the  mot ion ,  on a 
h a l f - s p a c e  o r  l a y e r  of t h i c k n e s s  l - l 1 ( t a r g e t ,  l o c a t e d  on the  r igh t ) .  Let  the s t r e s s e s  (boundary  condi t ions)  
to the  lef t  of the  po in t  r = 0 and to the  r i g h t  of the  po in t  r = l be known 

o 11 (0, t) = % (t), (#1 (l, t) = (rz (t), (3.7) 

In the  s i m p l e s t  c a s e  (r0(t) - (r/(t) = 0. At t = 0 the  u n d i s t u r b e d  s t a t e  of the s y s t e m  ( in i t i a l  cond i t ions )  
is  known 

plo ~ p2o ~ CC o -~ i, To, To il ~ 0 

and,  m o r e o v e r ,  

~o(~)- ~o (0~z0, ~o(~)-0 (t~r~0, 

In o r d e r  to s o l v e  the  p r o b l e m  we e m p l o y e d  the  s o - c a l l e d  me thod  of s t r a i g h t  l ines  o r  the  p a r t i c l e  
me thod  with  p s e u d o - v i s c o s i t y .  

(3.s) 

In [6] th i s  me thod  was  e x a m i n e d ,  wi th  a p p r o p r i a t e  r e f e r e n c e s ,  in c o n n e c t i o n  wi th  the c a l c u l a t i o n  of 
e l a s t o p l a s t i c  f lows in E u l e r  v a r i a b l e s .  

In the  c o o r d i n a t e  s y s t e m  (r , t )  we t ake  p o i n t s  r0, r t ,  . . . ,  m - l ,  r n  (r0 = - r l ,  r0 < 0; r n = l + l - m - t ,  
r n - i  < l) on the  r ax i s  in the  flow r e g i o n  and d r a w  the s t r a i g h t  l ines  r = r j  (j = 0, 1, . . . ,  n), wh ich  c o r r e -  
sponds  to d i v i d i n g  the  s y s t e m  into n m a t e r i a l  p a r t i c l e s .  A s s u m i n g  the e x i s t e n c e  of a s u f f i c i e n t l y  s m o o t h  
so lu t ion ,  we d e t e r m i n e  the  v a l u e s  of  the  unknown func t ions  at  po in t s  r = r j ,  aend s u b s t i t u t e  for  the  d e r i v a -  
t i v e s  wi th  r e s p e c t  to r the  d i f f e r e n c e  r e l a t i o n s  
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the b o u n d a r y  condi t ions  (3.7) be ing  r emoved  to r = r 0 and r = rn ,  r e s p e c t i v e l y .  As a consequence ,  the s y s -  
t e m  of six p a r t i a l  d i f f e r en t i a l  equa t ions  (3.3) and (3.6) is conve r t ed  into a s y s t e m  of 6n o r d i n a r y  d i f f e r e n -  

t i a l  equa t ions  with r e s p e c t  to t i m e ,  which t oge the r  with the in i t ia l  condi t ions  at t = 0 give a Cauchy p r o b -  

l e m  whose c o m p u t e r  so lu t ion  does not p r e s e n t  spec i a l  d i f f icu l t ies .  

When t h e r e  a re  shock waves in the flow reg ion ,  the so lu t ion  of the p r o b l e m  should have a d i s c o n t i n u -  
i ty,  at which the Hugoniot condi t ions  mus t  be  sa t i s f i ed .  In o r d e r  to apply the method d e s c r i b e d  to these  
p r o b l e m s ,  R i c h t m y e r  and Neumann  p roposed  in t roduc ing  the p s e u d o - v i s c o s i t y ,  whereupon  the s t r e s s  t e n s o r  

takes  the f o r m  

:in = _ P i  ~ ~i n - -  (PJ 
_ 2 - n  i n  _ _  T i  - -  Poao Ca t vj+: - -  Yi (v j+:  ~j ~ 0), q)j = 0 (z~j+: - -  yj ~ O) 

(3.1o) 

the l i n e a r  (n = 1, C l ~ 1) and quadra t i c  (n = 2, C 2 ~ 2) p s e u d o - v i s c o s i t i e s  be ing  u s u a l l y  employed .  

We note  that  the s t r e s s  at a point  s e p a r a t i n g  the p r o j e c t i l e  and the t a rge t  cannot  be t ens i l e ;  t h e r e -  

fore ,  s t a r t i n g  f r o m  t i m e  t I (af ter  p a s s a g e  of the shock wave),  when 

0 "11 ( l l ,  t l)  = - - P  ( l l ,  h )  -~- "rn (11, t:) = 0 

we ob ta in  the addi t iona l  b o u n d a r y  condi t ion  

0.11 (l : ,  t) = 0 (t >~ h) (3.11) 

which c o r r e s p o n d s  to the independent  mot ion  of the t a rge t  and the p r o j e c t i I e  (wi thdrawal  or  rebound  of the 
p ro j ec t i l e ) .  A s i m i l a r  s i tua t ion  may  develop af ter  s p a l l a t i o n  (d i s t u rbance  of con t inu i ty  in  the i n t e r i o r  of 
the spec imen) .  However ,  the ques t ion  of the onset  of s p a l l a t i o n  [7] is a r a t h e r  complex  one and wil l  not be 
c o n s i d e r e d  he re ,  al though m a t h e m a t i c a l l y  it is not diff icul t  to take spa l l a t i on  effects  into account .  

4. The above model  and ca l cu l a t i on  s c h e m e  were  used to inves t iga te  n o n s t a t i o n a r y  mot ion ,  when the 
m a t e r i a l  of the p r o j e c t i l e  and the t a r g e t  is i ron ,  in which the t r a n s i t i o n  Fe c~ ~ Fee. t akes  p l ace  behind a 
su f f i c i en t ly  in t ense  shock,  and d u r i n g  un load ing  the t r a n s i t i o n  Fee  ~ FeCq In the u n d i s t u r b e d  s ta te  only 
the f i r s t  (Fe c~) phase  is p r e s e n t  (c~ 0 -= 1, P0 = 7860 kg/m~) .  The coef f i c ien t s  of equa t ions  of s ta te  (2.5)-(2.7) 

have the fol lowing va lues  [4]: 

for Fe~ 
A = 9.9743.i05 bar, K = i0.i639.i05 bar, b = 7.0985 
c = 4.45-101 mZ/sec2, deg Yx = 2.04--0,36 P: ~ / Po, 

for Fe e 
A = 9.4389.i05 bar, K = i0.740.i05 bar, b = 7.7845 

c = 4.45.10 ~ m2/sec 2. deg, ~2 = 2.45--0,77 pt ~ / P0 

The phase  e q u i l i b r i u m  cu rve  Ps(T) for  Fe ~ and Fee can  be r e p r e s e n t e d  in the f o r m  

ps (T) = K 0 [0,0901--0,0152 (T / To) + 0.002i (T/T0)~l 
(K 0 = i6.953.i0 ~ 6ap, T O = 300 ~ K). (4.1) 

kba'r I M r ,  I 

fTg 

~75pse 

/2 /8 Z~ F ,  m m  

Fig. 2 

Th i s  r e l a t i o n  c o r r e s p o n d s  to the c u r ve  ob-  
ta ined  by Kaufman  [8] as a r e s u l t  of an a n a l y s i s  of 
the s ta t i c  and d y n a m i c  e x p e r i m e n t s  of v a r i o u s  au -  
t ho r s  and loca ted  on the phase  d i a g r a m  of of i r o n  
at t e m p e r a t u r e s  below the s o - c a l l e d  t r i p l e  point  
(p = 110 kbar ,  T = 800 ~ K). C e r t a i n  a s p e c t s  of th is  
phase  t r a n s i t i o n  in  i r o n  were  e x a m i n e d  in  [2-4] with 
r e f e r e n c e s  to the work  of S. A. Novikov, A. G. 
Ivanov et al . ,  A. Bolehan,  and D. E r k m a n  et a l . i n  
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which  a s e r i e s  of c h a r a c t e r i s t i c s  of s h o c k  w a v e s  in s o l i d s  that  
e x p e r i e n c e  p h a s e  t r a n s i t i o n s  (in p a r t i c u l a r ,  the f o r m a t i o n  of a 
m u l t i w a v e  s t r u c t u r e  and un load ing  waves )  w e r e  e x a m i n e d ,  
c h i e f l y  fo r  the s t a t i o n a r y  c a s e .  

F o r  l a c k  of o t h e r  d a t a  the  qua n t i t i e s  c h a r a c t e r i z i n g  the  
r e s i s t a n c e  of the  m e d i u m  to d y n a m i c  s h e a r  w e r e  a s s u m e d  to 
be the  s a m e  fo r  both  p h a s e s  

btl = I1~ = 0,906"i06 b a r ,  ~1" = ~2" = 4 . 7 9  . t 0 3 b ~ r ,  . 

By way of e x a m p l e  F igs .  2 and 3 show d i a g r a m s  o f  the  
s t r e s s e s  r and a at v a r i o u s  m o m e n t s  of t i m e  for  a p l a t e  

Fig .  3 

(l 1 = 3 ram) s t r i k i n g  a t a r g e t  with v e l o c i t y  v 0 = 1325 m / s e c .  The va lue s  Ft2 = F21 -- 6.45 s e e / m  2 w e r e  t a k e n  
for  the  p h a s e  t r a n s i t i o n  r a t e  c o e f f i c i e n t s .  The c u r v e  c o r r e s p o n d i n g  to t = 1.4 p s e e  (Fig .  2) is deno ted  by  
l e t t e r s ,  hg b e i n g  the  e l a s t i c  p r e c u r s o r ,  gf, the  jump t ak ing  the f i r s t  p h a s e  into the  n o n e q u i l i b r i u m  s t a t e  (of 
f in i te  t h i c k n e s s  owing to the  p s e u d o - v i s c o s i t y ) ,  ed,  the  r e l a x a t i o n  zone o r  p h a s e  t r a n s i t i o n  wave ,  w h e r e  the  
t r a n s i t i o n  Fe  e ~ F e e  t a k e s  p l a c e  ( i ts  t h i c k n e s s  is  d e t e r m i n e d  by  Fi2) , d e b , t h e u n l o a d i n g  wave  t ak ing  the 
s econd  p h a s e  into the  n o n e q u i l i b r i u m  s t a t e ,  ha ,  the  un load ing  wave  c o r r e s p o n d i n g  to the  t r a n s i t i o n  Fe  e 
Fe  a (if  F21 ~ ~ ,  b a  is  t r a n s f o r m e d  into an un load ing  shock);  ao is  the  next  un load ing  wave .  

The  p r e s e n c e  of a d e v i a t o r  l e a d s  to the  e a r l i e r  onse t  of shock-wave  a t t enua t ion  as  c o m p a r e d  with 
the  p u r e l y  h y d r o d y n a m i c  m o d e l ,  s i n c e  the  e l a s t i c  un load ing  wave  has  a g r e a t e r  v e l o c i t y  than  the  p l a s t i c  
un load ing  wave .  The  f in i te  t i m e  r e q u i r e d  fo r  p h a s e  t r a n s i t i o n  and the  m u l t i w a v e  s t r u c t u r e  f o r m e d  a l so  r e -  
su l t  in the  w a v e ,  a t w h i c h  the t r a n s i t i o n  Fe  c~ ~ Fe  e e n d s , b e g i n n i n g t o  a t t enua t e  much e a r l i e r  than  fo l lows  
f r o m  s i m p l e  c o n s i d e r a t i o n s  a s s o c i a t e d  with  the s h o c k  ad i aba t .  M o r e o v e r ,  at the  m o m e n t  of i m p a c t  the  
shock  a m p l i t u d e  c o r r e s p o n d s  to the  shock  c o m p r e s s i o n  of the  f i r s t  p h a s e ,  in which  the  e n t i r e  p a r t i c l e  v e l -  
o c i t y d r o p  (in the  g iven  c a s e  v0/2) is  r e a l i z e d .  With d i s t a n c e  f r o m  the  i m p a c t  po in t  the  a m p l i t u d e  of th i s  
j ump  t ends  to i ts  s t a t i o n a r y  va lue ,  when it c o r r e s p o n d s  to only  p a r t  of the  d r o p ,  the  r e m a i n d e r  c o r r e -  

spond ing  to the  p h a s e  t r a n s i t i o n  wave .  

We note  tha t  if  the  i m p a c t  v e l o c i t y  v 0 of a p l a t e  of the  s a m e  m a t e r i a l  and su f f i c i en t  t h i c k n e s s  e x c e e d s  
1625 m / s e c ,  the  s t r u c t u r e  of the  e n t i r e  s h o c k  wave  t e n d s  to the  s t a t i o n a r y  c o n f i g u r a t i o n  b e f o r e  the  a r r i v a l  

of the  un load ing  wave .  

If 650 < v 0 < 1625 m / s e c ,  then  th i s  s t a t i o n a r y  c o n f i g u r a t i o n  does  not e x i s t ,  s i n c e  the jump  gf has  a 
g r e a t e r  v e l o c i t y  than  the wave  ed,  but  e ach  of  t h e s e  w a v e s  t e n d s  to i ts  s t a t i o n a r y  a m p l i t u d e  b e f o r e  the  a r -  

r i v a l  of  the  un load ing  wave .  

5. C a l c u l a t i o n s  wi th  d i f f e r e n t  v a l u e s  of  the  c o e f f i c i e n t  Fl2 for  the  r a t e  of the  p h a s e  t r a n s i t i o n  1 --+ 2 
[ s ee  (2.10)] show tha t ,  o t h e r  th ings  b e i n g  equa l ,  the  dep th  6 of the  zone in which  the p h a s e  t r a n s i t i o n s  w e r e  
c o m p l e t e d  (AB in Fig .  3), d e p e n d s  i m p o r t a n t l y  on the a s s u m e d  va lue  of Fi2 , whi le  the  c u r v e  C~min(r) 
(dashed  l ine  in Fig .  3) r i s e s  s t e e p l y  f r o m  the  po in t  B, Th i s  m a k e s  it p o s s i b l e  to d e t e r m i n e  Fi2 f r o m  the 
r e s i d u a l  e f f ec t ,  fo r  which  it is n e c e s s a r y  to d e t e r m i n e  the  a c t u a l  dep th  of  the  zone 5 a f t e r  a s u i t a b l e  e x -  

p e r i m e n t .  

In th i s  c o n n e c t i o n  we d r a w  a t t en t i on  to the  " exp los ion  h a r d e n i n g "  of i ron  and l o w - c a r b o n  s t e e l ,  when 
the p a s s a g e  of  a s h o c k  wave  of su f f i c i en t  i n t e n s i t y  i s  fo l lowed by  a s i g n i f i c a n t  i n c r e a s e  in the  m e c h a n i c a l  
c h a r a c t e r i s t i c s  (for  e x a m p l e ,  h a r d n e s s )  [9]. An a n a l y s i s  of the  h a r d n e s s  c u r v e s  o v e r  the  dep th  of  the t a r -  
get  shows  tha t  at s u f f i c i e n t l y  high v e l o c i t i e s  t h e r e  a r e  t h r e e  h a r d e n i n g  zones :  a f i r s t  zone of s u b s t a n t i a l  
h a r d e n i n g ,  in which  the h a r d n e s s  is  a c t u a l l y  c o n s t a n t  o v e r  the  depth;  a s econd  n a r r o w  zone of  m o d e r a t e  
h a r d e n i n g ,  in which  the  h a r d n e s s  f a l l s  s h a r p l y  wi th  depth ,  and a t h i r d  zone of  r e l a t i v e l y  s l igh t  ha rden ing ,  
in which  the  h a r d n e s s  f a l l s  g r a d u a l l y  wi th  depth .  The  dep th  of the f i r s t  zone is d e t e r m i n e d  by  the  i m p a c t  

v e l o c i t y .  

T h e s e  f a c t s  s u g g e s t  tha t  h a r d e n i n g  in the f i r s t  and s econd  zones  is  a s s o c i a t e d  with  the  p h a s e  t r a n s i -  
t ion  Fe  c~ ~- Fe e, and h a r d e n i n g  in the  t h i r d  zone with  p l a s t i c  d e f o r m a t i o n  in the  shock  w a v e ,  whose  p r e s -  
s u r e  is  now l o w e r  than  tha t  c o r r e s p o n d i n g  to p h a s e  t r a n s i t i o n .  In the  f i r s t  zone the  p h a s e  t r a n s i t i o n s  a r e  
c o m p l e t e ,  in the  s econd  zone on ly  p a r t i a l .  In th i s  c a s e  in o r d e r  to d e t e r m i n e  the dep th  of the  zone AB it is  
o b v i o u s l y  su f f i c i en t  to d e t e r m i n e  in each  i n s t a n c e  the  dep th  5e of the  zone in which  the  h a r d n e s s  is  c o n -  
s t an t  a f t e r  h a r d e n i n g  as  a func t ion  of the i m p a c t  v e l o c i t y  at a f ixed  p r o j e c t i l e  t h i c k n e s s .  If it  is  p o s s i b l e  
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to se lec t  a value of F12 such that 6(v0) = 5e(V0) , then this  c o n f i r m s  the harden ing  p i c tu re  indicated and the 
p r o p o s e d  r e l a t i o n  for  the phase  t r a n s i t i o n  Mnet lcs  (2.16), as  well as giving the r ea l  value of  F12. 
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